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N0N-ARCHI1-.EDEAN MONOTONE FONCTIONS 
by Vilhen H. SCHIKflOF (*) 
[Kath, Univ., Nijmegen}
In tr  o duction»
In the sequel, K i s  a non-archimedean, non-triv ia lly  valued f ie ld ,  that is  
complete under the metric induced by the valuation* The residue class f ie ld  of K 
i s  denoted by k  ♦ X w ill  always be a closed, non empty subset of K without 
iso la ted  points (except in 2*2, i f  you want).
Since K admits no ordering in  the usual sense i t  is  not possible to define mo­
notone functions X —» K just by taking over the c la ss ic a l d efin ition s, Thus, our 
procedure w il l  be to try and find statements for functions R —* R equivalent to  
monotony, and formulated in  terms that are translatable to K • This way we w il l  
obtain several defin itions of f  ; X —> K is  monotone”, that are, although not 
equivalent, c lo se ly  related .
The connections between these various definitions and the properties of the non-
b
archimedean monotone functions can be put together to form a l i t t l e  theory which is  
in teresting  in i t s  own right, but of which the relations to the other parts of p- 
adic analysis are yet not very tigh t,
1. Monotone^funcjtions.
For a function f  ; R —* R the following conditions are equivalent :
(a) f  i s  monotone ( in  the non-strict sense), 
(p) I f  c c  R i s  convex then f ”* (c) ia convex, 
(•y) I f  x i s  between y , z then f(x) is  between f(y )  and f ( z )  . 
Also, the following conditions are equivalent : 
( a) f  i s  s t r ic t ly  monotone,
(b) f  is  in je c t iv e . I f  C c R i s  convex then f(C) is  re la tiv e ly  convex in
f ( 5 )  »
(c) I f  f(x )  i s  between f(y ) and f(z )  then x i s  between y and z . 
Let x , y e K . Then the smallest b a ll that contains x , y i s  denoted by 
[x , yj . z e K is  between x and y i f  z e [x , y] . ( i f  z jà [x , y ] , we
n ■ ■■ ^ Un i i "  ■! » —  i ■ — i i ■> ......... v m  Mminm ■ i i ■ — p— — m w........— m i» **
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c a l l  x , y at the sane aide of z ) .  A subset C c K i s  called convex i f  
x i y e C 7 2 e [x > y] iraplies z g C • Each convex subset of K can be
written
{x : Jx -  a| < r} , {x : x -  a <? r}
for some a e K , r e (o , ®) ,
Let Z c  Y <= K • Then Z is  called convex in  Y i f  Z = C n I  , where C is
convex
defin itions
THEOREM 1,1. -  Let f  : X *K * Then the following conditions are equivalent
( l )  I f  x , y , z s  X , x is  between y and z then f(x ) is  between f (y )
and f  ( 25 ) ,
(2 ) I f  C cK  is  convex, then f~^(C) is  convex in X •
We denote the co llec tio n  of those f  : X K sa tisfy in g  ( l )  or (2 ) by M (x) , 
i . e .  f  e M (^x) i f ,  and only i f ,  for each x , y , z e X T
x -  y| £ |y  -  z l iniplies |f (x )  -  f (y ) | ^ |f (y )  -  f (z ) |  •
constant funcIsometries are in  (viz* exp), but also non tr iv ia l  lo ca lly
tions (e* g*, choose a center in  each b a ll of radius r > 0 , and l e t  f  be the 
map assigning to x e X the center of the ball of radius r to which x belongs 
Then f  € E^(x) )•
THEOREM 1*2* -  Let f  • X K . Then the following conditions are equivalent
( l 1) I f  x , y , z e X , f(x ) i s  between t(y) and f (z)  then x i s  between
y and z ,
(2 1) I f  0 c X  i s  convex in X t hen f(c) i 0_ corivex in  f(X) * f i s  injec^  
tive*
We denote the co llec tio n  of those f  : X —*K satisfy in g  ( l ! ) or (2*) by 
M (x) , i .  e. f  e M (X) i f ,  and only i f ,  for each x , y , z e X •
S 8
X -  y| < I y -  z| implies |f (x )  -  f (y ) | < |f (y )  -  f ( z ) |  .
The o lassioa l situations suggests the question as to wether Ms (x) <=■ R (x) and 
also wethor f  e M-u(x) , f  in jective  implies f  e ®a(X) . In general, both sta te  
ents are fa lse , but we do have the following :
THEOREM 1.3. -  f  e Mfl(X) implies f"1 e M^ffX)) . f  € tt^X) , f  in jec tiv e  
implies f “1 e M (f(X)) . I f  k ia f in i t e  and X is  convex, then an in jective
Malfunction i s  in  M^(x) •
So we are led to define \ g(x) := M^X) n Ms (x) as being the more or leas natu- 
ral translation of "the space of the s tr ic t ly  monotone functions".
The following theorem concerns continuity of monotone functions# For a function  
f  : X - )  K f we define i t s  o sc illa t io n  function, , in  the usual way ;
u>f (a) := lim su p (|f(x ) -  f (y ) |  j |x -  a| $ i  ; |y  -  a|
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1
1ÛMnr™  s u P i l f ^ )  ~  f ^ a ) l  ’ l x  “  a l ( a  e  x ) .
f  i s  continuous at a i f ,  and only i f ,  uu(a) = 0 .
THEOR] f  he either in  M. (X) or in  M (x) . Then
( i )  U»f (a) a in f z^a |f ( z )  -  f  (a) j (a 6 X)
( i i )  f  i s  hounded on compact subsets of X ,
( i i i )  For each a e X we have the following alternative# Either f  i s  conti­
nuous at a , or for each sequence ^  (x  ^ a) converging to a ,
f(x..) , f (x 0) , ••• i s  bounded and has no convergent subsequence#1 " " 1 ..................... .....................* i —- .» .......
Let g e M (^x) « I f  Y c: X is  spherically complete, then so i s  g(Y) ,
*4
Let h e Mg(x) » I f  Z c  h(x) is  spherically complete, then so i s  h*" (z) . 
Proof (sketch). -  I f  f  e M (^x) u M0 (x) , then : 
-  y| < |y -  A implies |f (x )  -  f(y ) | ^ | f  (y) -  f ( z ) |  . 
So f  i s  lo ca lly  bounded, and ( i i )  follows« Of ( i ) ,  only the part is  in ­
terestin g . Choose z ^ a . I f  ¡x -  a| < z — a , then 
| f  (x) -  f (a ) | $ | f ( z )  -  f(a)) whence <%(a) ^ I f (z) -  f(&)I • 
Let lim x = a (x_ ^ a for a l l  n ) and lim f ( x )  = o/ . Let lim y„ = a . I t  n n ' n' n
su ffices  to show that lim f(y„n and choose k such
sothat | f ( xk) -  0i| < e • Then jy^ -  a < \x^ -  a for large n ,
y -  x I < Ix. -  x I
J n  m 1 1 k  m {
for large m depending on a * Hence i f (yn) ~ f (xQ)l ^ If ~ f 3 0
(m co) | f ( y  ) -  cr| ^ Iffo -) -  ot\ < £ 9 and we have ( i i i ) *  The rest of the proofn K
i s  straightforward.
COROLLARY 1.5 . -  Let f  : X —* K be in  M^X) u Mg(x) . 
( i )  I f  K i s  a lo ca l f ie ld ,  then f  i s  continuous,
( i i )  I f  |k| i s  d iscrete , then f  e H  (x) i s  a honeoaorphism X ~  f(x )  ,
*  r  - T  *  *  i  u m m m t  m u r - m  n  i  ■ ■  i f c «  « .  Q  •  u \ n * m  . . . . . . . . . . . . . . . .  m i « i  ■ '
and f  e j\(X ) f  i s  a closed map.
2
( i i i )  The graph of f  is  closed in  K ,
(iv ) I f  f(x) has no iso lated  points, then f  i s  continuous»
An M,-function nay be everywhere discontinuous on K (even when | k | i s  d is­
cre te ) .
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THEOREM 1. 6 . -  Let B be the unit b a ll of K ,
( i )  I f  K ia a lo ca l f ie ld  and f  e M. (B) u Ms (b) , then f  has bounded d if ­
ference quotients (i .  e .  there is  C > 0 auch that |f (x )  -  f (y ) | ^ C|x -  y| for 
a l l  x e B ) .  I f , in  addition, f(B) ia convex, then f  i s  a sim ilarity  (i .  e , f & 
sca lar multiple of an isometry) «
( i i )  I f  K has discrete valuation and f  e M (b) is  bounded, then f  has 
bounded difference quotients. I f  f  e \ s (b) and i f  f(B) j s  convex, then f  i s  
a sim ilarity .
2.
monotone functions R
t  to translate the uaual c la sa ifica tion  of ( s tr ic t ly )  
R into two typea : the increaaing and the decreasing
functions. The equivalence relation  in RÎC x ~ y i f  x and, y are at the same
side of 0 , y ields ( -  œ , 0) and (0 } ») as equivalence c lasses. The re la tion
I
i s  compatible with the canonical group homomorphism R ■> R / R
group {l , -  1 ] * n(x) (usually called sgn(x) ) assigns + 1
the la tte r  
to every
positive  element and -  1 to every negative element. A function f  ï R R i s
s t r ic t ly  monotone i f  there ex ists  cr : rVR rV r+ such that for a l l  x r y
I f  cr 
( -  1) ■
id en tity
Tt(f(x) -  f (y ))  = cr(rr(x -  y)) .
;hen f  i s  called increasing 5 i f  <r(l) = -  1 ,
1 f  i s  ca lled  decreasing. Other maps cr {— 1 , 1 } —■> {— I f  1 } can
not occur ( i .  e . ,  there is  no f  such that, for a l l  x ^  y ,
rr(f(x) -  f (y ))  = c(tt(x -  y)) ) .
This rather weird description of real nonotone functions can be used in  the non- 
archimedean case.
For x , y e K" define x — y i f  x , y are at the same side of 0 . This
means 0 4  [x , y] , or X > y > or - 1 1xy -  1 < 1 . Thus
—1and onfliy i f ,  xy e K where
.+ 1 -  x < 1 } •
.+ »We c a ll  the elements of K the positive element of K .
The relation  
ve) groups
is  compatible with the canonical homomorphism of (m u ltip lica tif
TT S K* k’Vk+ =: I  .
We c a ll  S the group of signs and rr(x) the sign of an element x  e  K ( x is
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positive  i f ,  and only i f ,  tt(x) = 1 ).
I f  K is  a loca l f ie ld ,  we can make a group embedding p : 2 c—) K such that 
tt o p i s  the id en tity  on E . For example, i f  K = Q , 5 i s  a primitive
4*V*
(p -  l )  root of unity, then
^ n j k  an \  * (k e I  » \  ? 0)
(Here a £ {0 , 1 , 6 , , 6P“2} for each n ) .
DEFINITION 2.1. -  Let a : E —» 2 be any map. A function f  : X K i s  mono­
tone of type a i f , for a l l  x , y e X , x f  y ,
Tr(f(x) -  f(y ))  = cr(rr(x -  y))
( i .  e . ,  i f  x - y e a e s  then f(x ) -  f(y) 6 ff(o) ).
We c a ll  f  of type p e S i f  f  i s  of type a where a is  the m ultip lication
with ¡3 , i .  e.
----- j- j  -y e p  (x , y e X , x ^ y ) .
We c a ll  f  increasing i f  f  i s  of type cr where a i s  the id en tity , 1 . e . ,
■ is  positive (x y) . x *■* y .—" -*• ... . »■
- 1Clearly, i f  f  i s  of type p , and i f  b g p , then *b f  i s  increasing* 
F irst , we look at increasing functions, then we discuss more general types C • 
Notice that increasing functions are isoraetries hence are in  M^ s (x) . I f  f  i s  
increasing then f(x ) = x + h(x) , where |h(x) -  h(y)| < |x -  y| (x,y€X , x^y) • 
Such h we c a l l  us eudo-contr actions.
I l f  ■  ■  ■  M  » 1 ^ 1  I I  l |  | P H I M ^  i I
LEMMA 2.2. -  Let X be an ultrametric space. Then the following are equivalent 
(a) X i s  spherically  complete
(¡3) Each pseudo contraction. X —* X has a (unique) fixed point.
Proof (sketch). -  (a) —» (¡3). Let a : X —» X be a pseudooontraction. A convex
se t  C c  X is  ca lled  invariant i f  o( C) cC  . I t  i s  ea s ily  proved that the inva­
riant convex subsets of X form a nest. Let C„ be the smallest invariant convex 
s e t .  I f  a 6 0  ^ and ff(a)  ^ a then
Bq := £x e X ; d(x , a(a)) < d(a , er(a))}
is  invariant, convex, and does not contain a . Ilence cr(a) = a for a l l  a 6 C. , 
and C„ is  a singleton . ((3) (a) . I f  B^  jfi Bg ? . . .  are balls in  X with.
H B = <f then choose x^ e \ \® n + l (n e S) • maP ^  • X —* X defined by
ct(x) = x (x 6 B \B . )' ‘ n+1 ' nM i+l'
i s  a pseudocontraction without a fixed poijit.
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COROLLARY 2 .3 . -  Let X be convex, le t  K and
f  : X —v K be increasing» Then f  (X) i3 convex. I f  f  (x) c X , then f  is  sur
je c t iv e .
Proof, -  Let f (x) c X . Choose a e X . Then x
contraction mapping X into X , hence has a fixed point. So f(x )  = a for  soae 
x e X «
I f  K i s  not spherically complete, we have always increasing f  : K —) K that
are not surjective* {Let h s K —* K be a pseudocontraction without a fixed point 
Let f(x ) ~ x -  h(x) (x e K) , then 0 ^im f). The inverse f"1 : f(K) K can, 
of course, not be extended to an increasing function K —* K .
THEOREM 2*4» -  Let K be spherically couplete, and le t  f  j X —* K be increa­
sing» Then f  can be extended to an increasing function K K •
Proof .^ -  By Zorn’s Lemma, i t  su ffices  to extend f  to an increasing function on 
X u {a} , where a ^ X * We are done i f  we can find a e K such that, for a l l
x e X ,
- 1 < ia -  x
i .  e . a e  ®f(x ) (a x ) ^ a ” ^or x e  ^ * ■'•^ eSe balls form a nest.
Let us c a l l  a function f  : X —* K •positive i f  f(x) c  K+ ,
2 ,5 .
( i )  I f  f  : X K is  increasing then f* is  positive,
( i i )  I f  g : X —> K i s  a positive Baire class one function, then g has an in -  
creasing antiderivative,
1( i i i )  I f  g : X —•* K i s  continuous and positive, then g has a C -antideriva­
t iv e ,
*1
(iv ) I f  f  e C (x) and f 1 is  positive then f  « j + h where j i s  increasing, 
and h is  lo ca lly  constant.
EXAMPLES.
1° The exponential function (defined on i t s  natural convergence region) is  in' 
creasing.
2° Let f  6 C(z ) , and le t  Qq *= §. , for a £ |  ,
Jtr ^
~ p  i'1 i f  |X -  n <
e (x) = ( n (x 6 Z j  .n '
[0 elsewhere
Then eA . e, , . . .  fora an orthonormal base of C(Z ) , so there ex ist
0  7 1 ’ co ~ p 7 ’
X.q , , , , ,  e Q such that f  = I ^ q a.^  en , uniformly.
f  i s  increasing i f , and only i f , for a l l  n e N ,
Xn “
(where, i f  n = aQ + p + . . .  + p (a^ e {0 , 1 , , ,  p -  1} for each i  , 
ak j* 0) , then {n}i  = \  pk ) .
In other words, f  = X en e increasing i f ,  and only i f ,  ^ /{ n }  i s
positive for a l l  n e N •
Let a f ¡3 e 2 • I f  the se t  theoretic sum a + p := {x + y ; x e a , y 6 p} 
does not contain 0 then a + (3 € E , notation a © P . I t  follows that a © P i s  
defined i f ,  and only i f ,  a  ^ -  p ♦
I f  x , y € of € 2 then |x| = |y| . This defines | <y| in  a natural way.
We have the following results*
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2*6. -  Let f  : IC —» K be monotone of type o : E » 2 . Let a, p € S ,
( i )  a ( -  of) = -  cr(a) ,
( i i )  I f  cr(a) ©ct(b) i s  defined then so is  c* © p and cr(Qi © (3) = v(a)  © cr(j3) ,
r  _ _ _ ™  ^  ^  - - - * —  -  — - — - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ~ - - - - - - - — - - - - - - —  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  -  - - - - - - - - - - - - - - - - - - - - - - - - ■  —
( i i i )  | tf| <1(5) implies |er( cy) | < |tr(p)| ,
(iv) I f  |p| = 1 , |B contains an element of the prise f ie ld  of K then
a ( p d i )  =  & a(a) ,
(v) f  e Ma (K) ,
(vi) f  i s  either nowhere continuous or uniformly continuous
'  '  - - - .......... ............ -- i ...—i -  - ' i ----------------------- 1----------------------------------------
2.7 . -  Let f :  K —» K be monotone of type CT : 2 —» 2 . Then the f o l -  
lo wing conditions are equivalent,
(oi) o i s  in je c t iv e ,
(e) f e Mb(x) ,
(v) I f  for sons s  . B e S i a © P is  defined, then so i s  ct( ck) © a((3) ,
* 1 *  immi K m* « ■ m Mfcm i 7 7 * ...  ,m ' . ...  —"i—— ■ »■ m ....... I mm | i
(fi) |o (« )| < |cr(|3)| implies | a\ < |t3| (a , p e 2) .
COROLLARY 2.8 , -  Let k be a priae f i e ld , and le t  f  : K —* K be nonotone o f  
a  : 2  —* 2  • Then a  i s  in jec tiv e .
( i f  K = Q (/'/-~ l) , p = 3 nod 4 , we can find an example of an f  : K —■} K
monotone of type o , where c i s  not in jec t iv e ) .  
EXAMPLE 2.9. -  Let K = Q . Then
(a : 2 - 4 2 :  there i s  f  : <2 —+ Q , f  monotone of type a}
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consists of a l l  a t 2 —» E of the fora
, i  ja . Ri  xs(n) \(n)0 p I---> 0 0 ' p /
whore s :  j3 — {0 , 1 , 2 , , p -  2) and X : Z_ —} Z_ i s  s t r ic t ly  increa^ 
sing.
3. Functions of bounded variation.
LEMMA 3*1* -  Let f  : X —■» K have bounded difference quotients. Then f  i s  a 
lin ear  combination of two increasing functions.
Proof. -  Ohaose X e K ,
i n ,  i 9
Then X f  i s  a (pseudo-) contraction, so g(x) := -  x + X"1 f(x ) (x e X) i s  
increasing. I f  h(x) := x (x e X) , then Xh + \g  = f  .
| x |  >  s u p  (I — -J  -y - ^ '1 } X ^  y }  ,
1
COROLLARY 3 .2 . -  Let X he the unit K and
qul valent
(a) f  e BA(X) ( i .  e ,  s u p t | i^ l - Z - | i z I |  . x  ^ y} < «> ),
(P) f  i s  a linear conhination of two increasing functions,
(y) f «  Dia ( 2 ) l  *
( 6) f €  [I (x)3 .
Proof. -  Use 1.6
m
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